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Diffusion equation
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Diffusion equation

iw=Au
(over RY)

!

u(t+1) = Pu(r)
(over Z9)

time 7 — 7, space Z¢ — 24
u(t+¢e) = P\/::::»(r)
then
lll}}) ue(te,x2) = u(t,x)

(for all 1,x and lim. o 1= = 1, lim_x: = x)

generalizing:
RW over graph G
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spotting block encodings in the wild
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Wave equation

v=Au
1
u(t+1) = Pu(r) + v(1),
v(t+1) = —(I — PHu(r) + Pv(z)

time Z — ¢Z, space Z* — 7
us(t +¢) = Poue(1) + eve(t)
ve(t+e) = —}(1 = Puc(t) + Peve(r)
then
litny we (1, xe) = u(t,x)
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Wave equation

v=Au
!
u(t +1) = Pu(r) 4+ v(1),
v(t+1) = —(I — PHu(r) + Pv(z)

time Z — ¢Z, space Z* — 7
us(t +¢€) = Peuc (1) + eve(t)
vt +€) = 20— Phuc(n) + Pave ()
then
litny we (1, xe) = u(t,x)

limn ve (te, xe) = v(1,x)

(for all 7, x and lim. o 1. = 1, lim. o x. = x)

I (energy) conservation

E = |[VI—Poul® + v
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change of variables: w = VI — P2u

e[ P

v(t+1)
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Wave equation

change of variables: w = VI — P2u

e - L Y] )

= unitary block encoding of P!

t steps:
[ T[]
JVIi—P P S

P RW over graph G
i}

discrete wave equation or quantum walk over G
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random walks and Chebyshev polynomials?
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random walks and Chebyshev polynomials?

7. Additional Exerc

Chapter 13: Escape Rate of Random Walks and Embeddings

Basic Examples

. The Varopoulos-Carne Bound

An Application to Mixing Time
Markov Type of Metric Spaces
Embeddings of Finite Metric Spaces
A Diffusive Lower Bound for Cayley Graphs
. Branching Number of a Graph

. Tree-Indexed Random Walks

Notes

. Collected In-Text Exercises

. Additional Exercises
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varopoulos-carne
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461

462

(from “Probability on Trees and Networks” by Lyons and Peres)
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Varopoulos-Carne bound:

I)t(x7 y) S e_d(x7y)2/t
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Varopoulos-Carne bound

Chebyshev expansion

t
P'=>" oTi(P)
k=0
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Chebyshev expansion

t
P'=>" oTi(P)
k=0
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Varopoulos-Carne bound

Chebyshev expansion

t
P'=>" oTi(P)
k=0

tlog(1/e)

Re Z ;T (P)

k=0
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Varopoulos-Carne bound

corollary 1: mixing time 7 > diam(G)?/ log(n)
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Varopoulos-Carne bound

corollary 1: mixing time 7 > diam(G)?/ log(n)

t .
corollary 2: block encoding [P } using v/t QW steps

QUANTUM FAST-FORWARDING:
MARKOV CHAINS AND GRAPH PROPERTY TESTING
'19
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Varopoulos-Carne bound

corollary 1: mixing time 7 > diam(G)?/ log(n)

t .
corollary 2: block encoding [P } using v/t QW steps

QUANTUM FAST-FORWARDING:
MARKOV CHAINS AND GRAPH PROPERTY TESTING

'
79
SIMON APERS
Team SECRET, INRIA Paris, France
ALAIN SARLETTE
Department of Electro niversity, Belgium

basis for QW search in 4/hitting time

Quadratic speedup for finding marked vertices by Quantum
walks
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VC bound: random walks diffusive
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VC bound: random walks diffusive

converse VC bound: quantum walks ballistic?

Y. TP, €9(1)
¥#B.1/2)

14



Converse VC bound?

YES (and known) for lattices
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Converse VC bound?

YES (and known) for lattices

A-Miclo (arXiv:2402.07809):
weak limit for quantum walks on lattices
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RW on Z:
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Converse VC bound?

RW on Z:
P—lP +1P
T2 27
1 . ,
T,(P)—E(E_)+§(P_>)
RW on 72

T,(P) =?
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Converse VC bound?
RW on Z:

1 1

1 1
T,(P) =5 (Po) + 5 (P=)
RW on Z2:

1 1

! commuting variables x = P., and y = P} s0O

(x+y> Zapq
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Converse VC bound?
RW on Z:
1 1

1 1

T,(P) = §(P<—) +§(P—>)t

RW on Z2:

1 1

T,(P) =?

! commuting variables x = P., and y = P} s0O

(x—l—y) Zapq

— weak limit induced by Z 4Op/ta/t
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more generally (open questions):

quantum walk 7;(P) on graphs?
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more generally (open questions):
quantum walk 7;(P) on graphs?

other polynomial f;(P)?
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Converse VC bound?

more generally (open questions):
quantum walk 7;(P) on graphs?
other polynomial f;(P)?

conjecture:

quantum walks can mix in 0 («/mixing time)
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Converse VC bound?

more generally (open questions):
quantum walk 7;(P) on graphs?
other polynomial f;(P)?

conjecture:

quantum walks can mix in O (. /mixing time>

L

|
thanks! @
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Extra slides: discrete approximation

time Z — ¢Z, space Z¢ — \/eZ4
us(t +¢€) =P zue(1)
then
ii_r}r(l) ue(te, xz) = u(t, x)

(for all t,x and lim. 0 t- = ¢, lim. 0 x: = x)
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Extra slides: discrete approximation

‘L't:v, v:Au‘

time Z — <7, space Z¢ — €74
u:(t +¢) = Peuc(t) + eve(1)
ve(t+¢) = —é(l — P2)uc(t) + Pov.(r)
then
iig(l) ue(te,xe) = u(t, x)

lim v (2., x2) = v(t,x)
e—0

(for all t,x and lim. 0 t- = ¢, lim. 0 x: = x)
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Extra slides: Gram-Schmidt walk

Gram-Schmidt on (ordered) set of vectors

{lx), Plx), P2 ) ... P! )}

Gram-Schmidt Chehyshev
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