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CONVEX FUNCTIONS AND CONDITION NUMBER

functionf : R - R

a-strongly convex, 3-smooth:
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find e-approximation to optimum x* = min, f(x)

gradient descent: X' = x — nVf(x)

"o

requires O(xlog(1/€)) queries

I Nesterov acceleration: O(y/klog(1/<)) queries
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Langevin algorithm:
x’:X‘H?Vf(X)‘i‘C, CNN(O»UI)

+ Metropolis-Hastings correction

Faster high-accuracy log-concave sampling
via algorithmic warm starts

Jason M. Altschuler Sinho Chewi
NYU MIT
jad7750nyu. edu schewi@mit.edu

February 22, 2023

Langevin requires O(x log(1/¢)) steps
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slowdown caused by diffusion

step length ~ 1// “

t steps distance ~ /1//3 w:
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Hamiltonian Monte Carlo for efficient Gaussian sampling:

long and random steps

272

Simon Apers* Sander Gribling* Déniel Szilagyi*

for Gaussians:
“Hamiltonian Monte Carlo” algorithm
requires O( /r log(1/¢)) queries

conjecture:
O(y/rlog(1/¢)) queries for all logconcave distributions
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H(x,v,t) forx,v e R, t € R
= position after Hamiltonian dynamics
for time ¢, from (x, v), with potential energy f(x)

HMC step: from x € R4 do
@ pick random time ¢ ~ 1/4/a and velocity v ~ N (0, 1;)
Q setx’' =H(x,v,1)
© Metropolis-Hastings correction
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Hamiltonian dynamics yield “ballistic” motion
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(left: HMC, right: Langevin)

= source of k — \/k speedup
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HAMILTONIAN INTEGRATION

? how to compute H(x,v,t) ?

Vits/2 = Vi — gvf(xt)
— leapfrog integrator: Xris =X+ OVisg)o
Vi+s = Veys/2 — gvf(xt—&-z?)
= symplectic, second-order integrator

bounded error for step size 6 € O (fd‘“)

integration time r € O(1/+/«)
requires ¢/6 € O(y/xd'/*) gradient queries
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O(kV/dlog(1/¢))

quantum walk:

O(y/kdlog(1/e))
O(y/rd"/*log(1/€)) (with warm start)

HMC:
O(y/rd"*log(1/€)) (for Gaussians)

I compare with “dimension-free” scaling of O(y/k) for optimization
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OPEN QUESTIONS
\/r-scaling for general logconcave?

dimension-free scaling for Gaussian / general logconcave?
(e.g., use higher-order integrators)

classical and quantum speedups in non-continuous setting?
I MCMC often in discrete graph setting
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Classical Gradient Methods
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? replace Hamiltonian dynamics by Schrédinger dynamics ?

Gu(r) = —iHP(1)

e.g., can use “quantum tunneling” for nonconvex optimization
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On Quantum Speedups for Nonconvex Optimization via

Quantum Tunneling Walks* VgL

Yizhou Liu,! Weijie J. Su,} Tongyang Li
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